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Abstract. For 0<s<l<q<oo, we characterize the homeomorphisms ip : 1" — > 
M™ for which the composition operator / i-)- / o cp is bounded on the homogeneous, 
scaling invariant Besov space B^/s q (M n )' where the emphasis is on the case q ^ n/s, 
left open in the previous literature. We also establish an analogous result for Besov- 
. type function spaces on a wide class of metric measure spaces as well, and make some 

new remarks considering the scaling invariant Triebel-Lizorking spaces F\ g g (M ra ) 
qj. with < s < 1 and < q < oo. 

oo " 1- Introduction 

Let us first recall the difference definition of the (homogeneous) Besov space B^ q (R n ), 
^ ! < s < 1, 1 < p, g < oo: it is the collection of measurable functions / (quotienting 

\ out the functions which are constant almost everywhere) for which the norm 

43 ' / r { r \ q/p dh x 1/9 

ll/H% ? (««) ■=[] n ^ (J „ \f( X + h )~ f^)\ Pd A JJTr 



V, 



(with the usual modifications for p = oo and q = oo) is finite. The norm defines a 
Banach space which coincides with the usual Fourier analytically defined space; see 
[PT1 Section 5.2.3]. For < min(p, q) < 1, B^^iW 1 ) will stand for the analogous Fourier 

^ \ analytically defined quasi-Banach space of distributions. 

The main question studied in the present note asks for which homeomorphisms <p of 
M n is the mapping^ 

f ^ f°V 

bounded on Bp q (M. n )7 Especially, we are interested in the case where the norm ([1]) is 
invariant under scaling changes of variable, i.e. in the case p = n/s. Namely, this kind 
of "conformal" invariance makes one expect the class of admissible tp to be rich and, in 
^ ■ particular, that it might contain all quasiconformal maps, as this is almost obviously 

true for the conformally invariant Sobolev space W 1,n (M. n ). 
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Tn our proofs, we shall only deal with continuous functions, so one may think of the mapping to 
be defined by / h- > / o (p for continuous /, and for the rest of the space by completion. Alternatively, 
the mapping ip may be assumed to have Lusin's condition (N) so that the mapping / i— > / o ip is well 
defined in the sense of equivalence classes with respect to equality almost everywhere. 
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For B^ s n / s (M. n ) with < s < n/(n + 1), this question is answered in [T9] and 
[2]: it turns out that the quasiconformality (see [20] and [13] for the definition and 
general properties of such mappings) of ip is a necessary and sufficient condition. Also 
the Besov spaces with p/n/s are dealt with in both papers. One should note that 
the invariance under quasiconformal maps for said diagonal spaces can be obtained by 
interpolation^ The quasiconformal invariance phenomenon carries over to a large class 
of Triebel-Lizorkin spaces: it was recently shown in [15] that for n > 2, < s < 1 
and q > njin + s), the space F*. is invariant under quasiconformal mappings, 

yielding another proof for the quasiconformal invariance of , n y s (M n ) = F^, n ^ s (R n ) 
for all < s < 1. 

However, the case of Besov spaces with p = nj s ^ q appears to be completely open 
and it is the aim of this paper to fill in this gap. In fact, in section |2] we shall prove 
the following somewhat surprising result. 

Theorem 1.1. Suppose that if : M n — > M™, n > 2, is such a homeomorphism that the 
mapping induced by ip is bounded on B^ sq (M. n ) for some < s < 1 and 1 < q < oo, 
q 7^ nj s . Then if is bi-Lipschitz. 

The converse is obvious: all Besov spaces in the preceding statement are invariant 
under bi-Lipschitz mappings. By combining Theorem 11.11 with the known results in 
the case p = q = n/s we thus have the following conclusion. 

Corollary 1.2. Suppose that ip : IR n — )■ K n , n > 2, is a homeomorphism. Then 

(i) if < s < 1, the mapping induced by ip is bounded on B^, s n ^ s {R n ) if and only if 
if is quasiconformal; 

(ii) if0<s<l<q<oo and q ^ n/s, the mapping induced by if is bounded on 
B^ sq {R n ) if and only if ip is bi-Lipschitz. 

We also make some remarks concerning the case q < 1. For an analytic approach 
in the spirit of Reimann [16], see the discussion preceding Lemma [2.71 For a localized 
approach in the spirit of Astala [TJ, see the discussion preceding Theorem 12.91 

In section H] we establish a converse to [T5J Theorem 1.1], i.e. the necessity of the 
quasiconformality of ip for the mapping induced by ip to be bounded on a scaling 
invariant Triebel-Lizorking space. 

A similar question in the setting of metric spaces is studied in [3] and 0], where it is 
shown (among other things) for compact metric spaces Z\ and Z 2 which are respectively 
Ahlfors regular, and satisfy some other reasonable assumptions, that a homeomorphism 
ip : Zi — > Z 2 induces an isometry between the respective diagonal Besov spaces if and 
only if ip is quasisymmetric. 

In the proofs of our main results we shall work with characterizations of Besov-type 
function spaces on doubling metric measure spaces introduced in [7], and for this reason 
our methods also yield extensions in a sizeable class of metric spaces considered in [9] 
(see the discussion preceding Proposition 13.51 for the precise assumptions). Section [3] is 
devoted to these extensions. 

2 For example, one can first interpolate (see e.g. [SJ Corollary 8.3]) between Reimann's result on the 
space BMOiW 1 ) [TB] and the "easy" case M /1 '™(R") to obtain boundedness on the Triebel-Lizorkin 
space F£i a 2^™) f° r & U s £ (0j 1)) an d then interpolate (see e.g. [18j Theorem 2.4.2/1]) between two 
such spaces to obtain boundedness on F*, n / s (R") = ^n/s n/s(^™) f° r all < s < 1. 
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We finally list some notation conventions. On any metric space (X,d), we write 
Bd(x,r) (or just B(x,r) if the metric is obvious from the context) for the ball with 
center x G X and radius r > 0: {y G X : d(x,y) < r}, and Bd(x,r) or B(x,r) for 
the corresponding closed ball. Similarly, for x G X and < r < R, Ad(x,r,R) or 
just A(x,r, R) stands for the annulus {y G X : r < d(y,x) < R}. For a set A of 
finite measure with respect to a measure /z, we use the notation j-. fd\x for the average 
of / over A, i.e. /i(v4) _1 f.fdp, whenever the latter quantity is well defined. In the 
context of M. n , \A\ stands for the n-Lebesgue measure of a measurable set A. For two 
non-negative functions / and g with the same domain, the notation / < g stands for 
/ < Cg for some positive constant C, usually independent of some parameters. The 
notation / ps g means that / < g and g < f '. 



2. Besov spaces on on W 1 

In this section, we will make use of the following characterizations of the Besov 
(quasi-) norm, see [7] and [15] : 

for < s < 1, n/(n + s) < p < oo and < g < oo, where 

C P (f)(t)=([ / l/^-ZMI'dj/ds 

\Jw.nJB(x,t) 

(usual modifications for p = oo and q = oo). In our applications we always have p = 
n/s > n/{n + s) so that the characterization above applies. Another characterization 
of the norm for the same parameter range is the following (we again refer to [7] and 

my- 




where the infimum is taken over the sequences g := {gk)kez (the so-called s-Hajlasz 
gradients of /) of measurable functions : M n — > [0, oo] satisfying 

|/(a:)-/(2/)|<|a;- 2 /| s (^(^)+^(y)) (3) 

for all k G Z and all x, y in IR n with 2~ fc ~ 1 < |x — y\ < 2~ k . Note that the quantity on 
the right-hand side of (j2J) is monotonic with respect to q. 
The dimension n will always be at least 2. 

We start out with several auxiliary results which will be needed in the proofs of 
Proposition 12.51 and Theorem 11.11 The first two lemmas estimate the Besov norms 
of certain types of functions which will appear in our constructions. Essentially, for 
suitably chosen bump functions hj supported on disjoint balls Bj, and all sequences of 
positive reals (& 3 -)i>o> the B^ sq (M. n ) norm of J2jbjhj turns out to be comparable to 
if the radii of Bj form a dyadic scale (Lemma 12. ip . and to IK&jOjllW 11 if the 
radii are equal (Lemma 12. 2p . 
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Lemma 2.1. Let 0<s<l, l<g<oo and < R < oo. Suppose that (Bj) ( jL IS 
a sequence of halls in R n such that Bj has radius 2~ j R for all j > 0, and that (fj)JLo 
is a sequence of measurable functions on W 1 with supp fj C Bj for all j > 0. Write 

(jj If tie functions fj are Lipschitz with 

Lip fj < VBr x hj, bj>0, 

for all j > 0, we have 

\\F\\b° (R") ~ ll(fri)j>o||^. 

n/ s,q x ' 

(ii) If the balls 9Bj are pairwise disjoint, we have 



\\F\\& /ag (R") ~ ||(2- ?,5 -R s ||/j||L™/ s (R"))i>o||^ • 
The implied constants in both conclusions are independent of R. 

Proof. Let p := n/s and suppose for the moment that 1 < q < oo. We first consider 
the situation in (i). The Lipschitz continuity of each fj gives ||/j||l«> < bj, so their LP 
norms can be estimated by 

\\f j \\L P <bj\Bj\ 1 /^{2^RYbj. 

We shall now estimate C p (F)(t) for different ranges of t. For t > R, there is the 
simple estimate 



C P (F)(t) <( f U \F(x)\vdy) ^ + U \F(y)fdy) ' 

WR™ \JB(x,t) J \JB(x,t) J 



1/p 

<'■>■ I < II^IIlp, 



and by Holder's inequality, 

Suppose now that 2~ k R <t< 2 1 ~ k R for a positive integer k. For any j > k, we have 
Cp(fj)(t) < {^~^R) s bj as above. For any j < k, we may use the Lipschitz continuity of 
fj to obtain 

C p (fj)(t) < 2 j R-% ill \x- y\ p dydx] « 2 3 R- x bjt\2B 3 | 1/p « 2^ j 2- k R s bj. 

\J2BjJ B{x,t) J 

Putting these estimates together, we have 

fc-i 

j>0 j=0 j>k 

Finally, 

t- l -^[C p (F)(t)Ydt + J r l ~ qs \C p (F)(t)] q dt =: I + J. 
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Here J < R qs \\ (&j)j>o||?«i Jr t~ l ~ qs dt ~ || (&j)j>o||?«, an d f° r I we use the previous 
estimates on each interval [2~ k R, 2 1 ~ k R), k > 1, to get 

oo / fe— 1 

J < J] ^ 2_fc X 2(1_s)jfo j + X 2 ~ J '*fy 

fc=l \ j=0 j>fc 

Denoting by r\ the fcth term in the outer sum and writing s := min(s, 1 — s), we get 
fc-i 

r fc = ^2( 1 -')^'- fc )6 j + Y, 2(k ~ j % < ^2-1^1% =: r' k . 

3=0 3>k j>0 

Now the convolution operator (6j)j>o | — > ( r fc)fe>i is bounded on the space £ q , so we 
actually get 

k>l j>0 

which finishes the proof of part (i). 

Suppose now that we are in the situation of part (ii). The disjointness of the balls 
9Bj shows that \F(x) — F(y)\ = \fj(x) — fj(y)\ for any x and y in 9Bj. Also, for 
any x G W l and A > 0, the measure of the annulus A(x, A/2, A) is comparable to the 
measure of the ball B(x, A). In particular, if t e (2 2 ~ j R, 2 3 ~ j R] for some integer j > 0, 
one has 

i/p 



C P (F)(t)>[ [ I - fMl'dydx 

yj BjJ A(x,t/2,t) j 

Using this estimate on each interval (2 2 ~ j R, 2 3 ~ j R] yields 



II/: 



j\\LP(R n )- 



/ t-^c^mydt > wmi^) / t- qs T « E (2 js ini/,iu w r • 

/o ^ 'y 2 2-iji * ^ 

Finally, both results for q = oo are obtained by an easy modification of the proof 
above and by noting that 

II^IIb* « SU P {2- k Ry S C p (F)(2- k R) 

with the implied constants independent of R. □ 

Lemma 2.2. Let 0<s<l, l<g<oo and < i? < oo. Suppose that (Bj)JL is a 
collection of balls in R™ such that each ball has radius R and the balls 9Bj are pairwise 
disjoint. Suppose also that (fj)'j° =0 JS a sequence of functions on W 1 with supp/j C Bj 
for all j > 0. Write F := £\> fj- 

(i) If the functions fj are Lipschitz with 

Lip fj < R~ 1 b j , bj > 0, 

for all j > 0, we have 

\\F\\b s , (r») ~ llw)j>o||^"/»- 

n/ s,q x ' 

(ii) We have (with the functions fj not necessarily Lipschitz) 

\\F\\fr /aq (R») ~ ||(-^ S |l/illL™/ s (iR™))j>o|| ri / s • 
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The implied constants in both conclusions are independent of R. 

Proof. The proof goes along the same lines as in the previous lemma. Again, we 
denote n/s by p and only consider the case 1 < q < oo. In the situation of (i), we have 
||/jlUp(R n ) ^ R s bj for all j > 0, and for t > R we therefore obtain 

C P (F)(t) < \\F\\ LP(Rn) = (j2 ll/ill^l £ VWOAi&W*- 

\j>0 J 

For t < R, we use the Lipschitz continuity of each fj to obtain 

C p (fj)(t) < R-% ( [ I \x- y\ p dydx) < R^b^BA 1 '* < R s - l tb v 

\J 2Bj J B(x,t) J 

The disjointness of the balls 9Bj thus yields 

c P (F)(tr = J2 [ / \m - fMWx = x;^(/i)(*) p z (R'-'tr^v 

,>o JriB M j>o j>o 

so that 



\ F \%^ n) < ll(&i)i>o|l! P (V^/ t-'-^dt + R^ f™t~ l ~ qS dt) « 11(6. 



'jJi>o||?p- 



In the situation of (ii), we will simply estimate C p (F)(t) from below for t £ (4i2, 8i?]. 
For these i, the disjointness of the balls 9Bj yields 



c p {F)(ty >2^ f \Mx) - f 3 (y)\ p dydx >^\\f. 

as in the proof of part (ii) of the previous lemma. Therefore, 



p8R 

\\F\\ q B3 iRn) > iKii/jwkoii; / t- 1 -"^^ iK^-ii/iii^^oii;. □ 

p ' qy ' JiR 

Here is an estimate which we will use to get a lower bound for the Besov capacity of a 
quasi-annulus later on. A similar result with the LP norm of an upper gradient instead 
of the Besov norm is contained in 0, Theorem 5.9]; the proof below is a modification 
of the proof therein. 

Lemma 2.3. Suppose that < s < 1, 1 < q < oo and that Br is a ball of radius R in 
W 1 . If < A < 1, E and F are two such compact and connected subsets of Br that 

min(diam.E, diamF) > XR 

and u is a continuous function on R n with u\e < and u\p > 1, we have 

Hull ■ > rX 1 / 11 

II U \\B S , (R n ) — LA 5 

n/ s,q K ' 

where c > depends only on q, s and n. 

Proof. We will work with the chacterization of the Besov norms through Hajlasz-type 
gradients; see (j2J). By the monotonicity of the l q norms with respect to to q (see the 
discussion in the beginning of this chapter), it suffices to consider the case q > n/ s =: p. 
Recalling that \A(x, A/2, A)| « A n for all x £ R n and A > 0, we have \A 3 X \ « 2~ 2j R 
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where A? x := A (x, 2- 2 ^ 1 R, 2~ 2 iR) for i£l" and j > 0. Let {g k ) k& be such a Hajlasz 
s-gradient of u that 

1/9 



LP(R n ) I 
v k ) 



l M lls| i9 (R")- 



In the rest of this proof, the notation \x — y\ ~ 2~ k , k G Z, will be used with the 
meaning 2 _fc ~ 1 < |x — y\ < 2~ k . 

Assume first that there exists points x G E and y G F with — w^ol < 1/5 and 
|u(y) - u A o \ < 1/5. Thus, 

1 < \u(x) -u{y)\ < 2/5+ |w A o -u^l, 

so that — uao\ > 3/5. On the other hand, 

\u A o - u A o\ < RT 2n \ \ \u{x ) - u(y')\dx'dy' 



AO y 40 



<R ' 2n E // a°,ao W(x')-u(y>)\dx>dy> 



2- k <m" " | x '-y'l~2- fc 



<^-2n ^ 2-*-// iSkV)+9*t3/)W*l/ 

2- k <4R \x>-yi\~2- k 
< £ 2 - fc (n + s) /" 

<^n/p'-2n ^ 2- fc (« +S )||^|| iP(Mn) (4) 



2- fc <4« 

1/9 



whence INI^^n) > 1. 

To deal with the other case, we may assume by symmetry that \u(x) — u A o \ > 1/5 
for all x G E. By the continuity of u we thus have 



i>o 



m 4 j — U.j+i . 



The jth term of this series can be estimated as above and by taking into account the 
geometry of the situation: 



\U A j — U,j+1 



< (2~ 



(2- 2j R) 2n [[ \u(x')-u(y')\dx'dy' 

J JAlxAl +1 

<(2-^)-" £ 2-«->(/ + / ^(^ 

2-2j-2^<2-fc<2-2j'+lJJ v ^ ^ 7 

< £ 2fc (2n-(n +s) ) /" 

2 - 2j -2 R<2 -k <2 -2 j+ l R JB(x,2 *+2) 
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< £ (/ 2 g k (zYdz) 1P . (5) 

There are at most four terms in the above sum, so summing over j yields 

1/p 



i< E (/ 



2~ k <2R 



which in particular means that there exists an e > depending only on the data such 
that for every x G E we can find an integer k x with 

( [ 9k x (z) P dz) /P > e ■ 2 -^- 2 y<iR- 1 /i. 

\J B(x,2- k *+ 2 ) J 

We may now take a disjoint and countable collection of balls Bg := B(xe, 2 _r<+2 ) with 
r e = k Xt so that E C [J £ 5B£. Thus, because q/p > 1, 

A < diam (E)/R < 1 £ 5 • 2^+ 2 < I £ ( / ffr 4 W'dz) ^ i 

= E E ( / " /P < E ( E / w p<fe 

<E(7 ^WT^NIL (R „ r □ 




/ n/ s,q K 



Remark. Note that the assumptions on the diameters and connectedness of E and F 
were used only to establish the estimates A < diam (E) /R < ^ for any collection 
of balls Bi := B{xi,rj) such that C Uj-Bj and £j G (and similarly for F). 

Here is an upper estimate for the Besov capacity of an annulus. The result itself 
is basically well known, but we have included a proof that can for all q > 1 be easily 
adapted to Ahlfors regular metric spaces as well. A similar result for compact Ahlfors 
Q- regular metric spaces and p = q > Q is obtained in [31 Lemma 1.7]. 

Lemma 2.4. Let xq G M. n , < r < R < oo and 1 < q < oo. Then there exists a 
continuous function u : W 1 — > R with U\m»\b(x ,R) = 0, ^|B( XOjr ) = 1 and 

\\u\\ B s m < V(R/r). 

nf s,q K ' 

Here is a decreasing homeomorphism from (1, oo) onto (0, oo), independent of Xq, r 
and R. 

Proof. We will work with the characterization of the Besov norm employed in lemmas 
Oand[!Ll For j > 0, define the balls Bj := B(x , 2~ j R) and the functions fj : R n ->■ R 
with fj(y) := (j + l) -1 max(0, 1 — \xq — y\/ (2'^ R)). We are now in the situation of 
lemma I2TT1 (i) (with bj = (j + l) -1 ), so with F := /j, we have 

1/9 




I 

c 
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with constants c and d independent of x and R. Note that F is radially decreasing 
with respect to x (because each fj is). Denoting by £(s) the value of F on any sphere 
of the form {y : \x — y\ = sR}, < s < 1, we thus have £(s) > £(s') for < s < s' < 1. 
In particular, defining u : 1R™ — > R with 

u(x) = uaii(l,F(x)/£(r/R)) 

we get a continuous function with u\Kn\B(x ,R) = 0, Wig^Q r ) = 1 and 

\\u\\ 6 . m <\\FUs / m /Z(r/R)<d/Z(r/R). 

nf s,q K 1 n/ s,q K ' 

It is obvious that the function s i— >■ £(s) is independent of Xq and i?, and that it tends 
to as s — > 1. To see that it tends to +oo as s — > 0, note that for small s > we have 

-log a (2«) 



= £a + ir w (o, 1 - a> a ) > i E a+ir 1 ^^- 

i>o j=o 



The function $:=si-> c'/£(l/s) therefore satisfies the desired property. □ 

Combining these two estimates gives the following result, shown in the case of q — 
n/s > n + 1 in [19] (as well as in the settings of R and compact Ahlfors regular metric 
spaces in [2] and (3] respectively). 

Proposition 2.5. Suppose that p : R n — > R n is such a homeomorphism that the 
mapping induced by <p is bounded on B^ s g (R n ) for some < s < 1 and 1 < q < oo. 
Tien 93 is quasicon formal. 

Proof. We will show that <y2 actually satisfies the following weak quasisymmetry type 
condition for some constant H > 0: 

^4 < 1 implies < H . 

\x-z\ • \<p{x) - <p{z)\ 

This implies //-quasisymmetry for some homeomorphism rj : [0, 00) — > [0, 00) quantita- 
tively (not only in R n but in all pathwise connected doubling metric spaces); see |9] 
Chapter 4] and the references therein. 

To this end, suppose that < \x—y\ < \x—z\ and \(p(x) — <p(y)\ > \<p(x)—<p(z)\. With 
R := \<f(x) — <f(y)\ and r := \<f(x) — <f(z)\, lemma 12741 yields a function u G -B^/ sg (R n ) 

with W|R»\B( v (*),fl) = 0, v>\b<jp{x),t) = 1 and \\ u \\b^ /s JR") < 

On the other hand, let 71 := [ip(x),ip(z)], and let 72 C M. n \B((p(x), R) be a path 
joining (p(y) to ip(y'), where y' G R n \-B(x, 2|x — z\). Furthermore, let E and F be the 
components of ip~ l {^i) fl £>(a;, |x — z\) and v ?_1 (72) H -B(x, 2\x — z\) containing x and y, 
respectively. Then E and F are compact and connected subsets of B(x, 3\x — z\) with 
(u o ip)\ E = 1, (m o <^)| F = and 

min(diam.E, diamF) > 3|x — z\, 

so Lemma [2731 tells us that \\u o ip\\^ a (Rn) > 1. Combining these estimates with the 

n/ s,q *• ' 

boundedness assumption, we get ^(R/r) > c for some constant c > independent of 
x, ?/ and z. This in turn yields R/r < \l/ _1 (c), which is the desired conclusion. □ 

We are now basically ready for the proof of the main result, but before that we will 
still record a basic lemma: 
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Lemma 2.6. If a homeomorphism ip : W 1 — > M. n is quasisymmetric and C^ 1 < \ J v \ < C 
almost everywhere for some constant C > 1 , then p> is bi-Lipschitz. 

Proof. Take x and y in M. n , x ^ y, and write r := \x — y\ and r' := \<p(x) — <p{y)\- 
Since (p is quasisymmetric, basic geometric considerations show that \ip(B(x, r))| w 
r')|, and since \ J ip \ ~ 1 almost everywhere, we have 



(r') n ^ / ciz^ / \J^(z)\dz^r n . □ 

JB(ip(x),r') Jip(B{x,r)) 

Proof of Theorem 11.11 Write p = n/s as usual. By Proposition I2.5[ ip is quasicon- 
formal, so in particular it is quasisymmetric. To show that it is bi-Lipschitz, it therefore 
suffices to show that 

C^ 1 < \J V \ < C almost everywhere 

for some constant C > 1. This will follow once we can show that > for only 
finitely many k, where 

A k := {2" n ( fe+1 ) < \J V \ < T nk } for k e Z. 

To this end, suppose that \A kj \ > for some sequence ki < k 2 < ■ ■ ■ < k N of integers. 
For all j, we can find density points points Xj of A k . such that, in addition, Xj G A kj 
and lim r _ s>0 + \ip(B(xj, r))\/\B(xj, r)\ = \ J v (xj)\. We can (by the quasisymmetry of <p) 
then take r > small enough (depending on N) so that for 1 < j < N, 

• B {ip{x j ),c v 2~ k *T) Cif(B(xj,r)) C B (ipixj), C v 2~^r), 

• the balls 9B(xj,r) are pairwise disjoint, 

• the balls 9B C^'^r) are pairwise disjoint and 

• \B(xj, r) n A k . | > A \B(xj, r)|, where < A < 1 will be fixed later. 
Let bj, 1 < j < N, be positive numbers and define 



gj(x) := bj max I 0, 1 



\x-<p(xj)\ 
Ctp2~ k ir 

so that supp gj C B (ip(xj), c v 2~ kj r) and Lip gj < bj2 kj (c^r)' 1 . Writing G := z^2i<j<N 9ji 
Lemma [2.11 (i) (with the sequence augmented with zeroes so that each u bf here corre- 
sponds to the 2 kj th. number) yields ( Rn ) < ||(^i)i<i<Ar||£9- 

On the other hand, writing hj := gj op> we have supp hj C B(xj,r), so if H := G o ip, 
lemma [2T2l (ii) yields ||-H"||^ S ^ Rn ) > || ( r ~ s \\hj\\Lp(R n )) 1<: j <N \\ep- In order to estimate 
HMU p (k™)' n °t e that 



\hj\\ p LP{Rn) > j (gj o V )(x) p dx « 2^ n / o <^)(x) p | J v (a;)|da; 



B(a;j,r)nyl & . J B{xj,r)nA k . 

kin 



2 k > n / ^(a;) p cfe 

J(p(B(xj,r)nA k .) 
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Recall that gj > bj/2 in a subset of tp (B(xj, r)) of measure ~ (2 fc j'r) ra , \gj\ < b 
everywhere and the property of ip shows that 

k(B{xj,r)\A kj )\ ^ f\B(xj,r)\A kj 



j 



<(i-\y 



\<p{B(x jt r))\ ~^ \B(x jt r)\ 
for some a > 0. In particular, if A is chosen sufficiently close to 1, we have 

Jw(B{xj,r)nA k .) 

so that ||/ij||lp(M") > r n/p bj = r s bj, which yields H-Hll^^) > || ( & i)i<j<Af \U p - Recalling 
that H = G o we therefore have 

<II(M III.- (6) 

We shall next establish the converse estimate. Now let the Xj and bj be as above, but 
this time choose r > small enough (again, depending on N) so that for 1 < j < N, 

• B {ip{xj), c v r) C ip (B(xj, 2 k ir)) C B {(f{xj), C v r), 

• the balls 9B(xj,2 kj r) are pairwise disjoint, 

• the balls 9B {ip(xj),C v r) are pairwise disjoint and 

• \B(xj, 2 k] r) n | > X\B(xj, 2 fc ^r)|, where < A < 1 will again be fixed later. 

Define gj(x) := bj max (0, 1 — \x — <p(xj)\/(ctpr)), hj := gj o ip and G and H accordingly 
as above. Lemma [2721 (i) yields ||G||^ S ™„% < ||(&j)i<j<iv||£p, and lemma I27T1 (ii) (with 
R = 2 kN r) yields 



|5||B|^ K n) > 



(2(^-^)»(2^r)-||/i i ||i P(tt » ) ) 



Using the A^ property of tp and choosing A sufficiently close to 1 in the same way as 
above, we get ||/iJz P ( R «) > (2 k ^r) n / p bj = (2^r) s b j} so that ||5||^ (M n) > || {bj)x<j< N ll*»> 
and by the boundedness assumption, || (bj) 1< j <N \\ei ^ II (^i)i<i<^v"IU J '- Combining this 
with the converse estimate above, we get 

II (bj)x<j<N Ha « ||(&j)i<j<Jv||^ 

with the implied constants independent of the number N of levels kj with \ A k . | > as 
well as the numbers bj > 0. Since p ^ q, it is thus easily seen that N must be bounded 
from above by some constant depending only on the dimension n, the parameters s 
and q and the norm of the operator induced by ip. □ 

We end this section with a few remarks concerning the case q < 1. For q > 1, 
Lemma 12.41 essentially implies the existence of a function in B^ sg (M. n ) which blows 
up in the vicinity of some point. When < q < 1, such functions do not exist, 
because every function in B^ sq (R n ) agrees almost everywhere with a bounded and 
(absolutely) continuous function. This result can be found in [T7J Sections 2.8.3 and 
5.2.5], but it can also be seen fairly easily by an argument similar to the proof of Lemma 
12.31 (namely, combining the inequalities (j4]) and ([5]) essentially gives \u(x) — u(y)\ < 
Y^2- k <c\x- y \ llfffelL"/* for Lebesgue points x and y of u, where (\\gk\\ L "/°)k<EZ € 
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However, under an a priori regularity assumption on ip in the spirit of Reimann [16] , 
the bi-Lipschitz necessity can also be shown for q < 1. In particular, it is enough to 
assume that (p is in W£ c (R n ). We shall show that, in this case, the boundedness of our 
composition operator on B^ sq (M. n ) for < q < 1 implies the quasiconformality of (p, 
and then use interpolation to deduce the bi-Lipschitz regularity of p. 

To this end, we will make use of the following basic lemma: 

Lemma 2.7. Let < s < 1 and < q < n/s. There exists a dimensional constant 
c(n) > with the following property: For any continuous function u : K n — > R such 
thatu >lonQC]Z andu < on (3Q\2Q)nZ, where Q = [-A 1 ,A 1 ] x ■ • ■ x [-A n , A n ) 
< Ai < oo for 1 < z < n and Z is any set with 

\3Q\Z\ < c(n)mm(A i ) n , (7) 

we have 

' A\A 2 • • • A n x s/n 



M K /S jm > c y min(A . 
with c > independent of u, the Ai and Z. 

Proof. For simplicity of notation, we shall consider the case n = 3; the proof for general 
n follows the same idea. By the monotonicity of £ q norms (see l^j), it suffices to 
consider the case q = 3/s =: p. Furthermore, by scaling invariance, we may normalize 
the situation to 1 = Ai < A 2 , A3. We assume that (jZJ) holds for some c(n), which will 
be chosen more precisely later. 

Now, set Q u := [1/2,5/2] x [k - A 2 , (k + 1) - A 2 \ x [£ - A 3 , {£ + 1) - A3] for 
< k < 2[A 2 \, < i < 2[A 3 \. Putting := ([1/2, 1] x R 2 ) n Q 0fi and Q$ : = 
([2,5/2] x M 2 ) fl Qo,0) we have \Qq \ = 1/2 = min(74j) 3 /2, so c(n) can be chosen small 
enough to guarantee that | Qq,o ^ Z\ > 1/4. For % = 1, this can be written out as 

X2(^l,^2,^3)^l ) ^ 2 <iX3 > 1/4, 

A 2 ,1-A 2 )X[-A 3 ,1- 

so there exists a point (1/2,1/3) € [— A 2 , 1 — A 2 ] x [—A 3 , 1 — A 3 ] such that ^(E) > 1 
for E := ([1/2, 1] x {(y 2 , 2/3)}) H Z C Q fl Z. One may similarly find a point (z 2 , z 3 ) G 
[-A 2 , 1 - A 2 ] x [-A 3 , 1 - A 3 ] such that F := ([2, 5/2] x {(z 2 , z 3 )}) n Z C (3Q\2Q) n Z 
has f/ 1 -measure > 1. 

We now note that Qo,o can be viewed as an Ahlfors regular metric measure space 
(with the Ahlfors regularity constants depending only on the dimension), and we shall 
make use of a metric version of Lemma [2.31 (see Lemma [3.31 in the following section). 
Since E and F each lie on a line, it is quite easy to see that we have H l (E) < ^i r « 
for any collection of balls B(xi, rA as in the remark after the proof of Lemma [2731 (and 
similarly for F), so we have 

IKq,oIIb! >p (q ,o) >c>0. 

The same estimate holds for any Q^ i in place of Qo,o as well. Since the interiors of the 
orthotopes Qk,e are pairwise disjoint, we therefore get 

1 „ r _ ff KfM#, 1 

N| 5w> \ x - y r ixdy 
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> E E // ^fe#^<% 



\x - y\ 



2LA2J-12LA3J-1 

fc=0 fcO 

Remark. Examining the proof above shows that if A\ = min(Aj), the assumption 
u < can be relaxed to hold on 3Q n {[2A h (5/2) A x \ x W 1 ' 1 ) n 

The plan is now to use the regularity assumption on ip stated above to localize the 
situation into subsets of K n where <p behaves roughly like a linear mapping: 

Theorem 2.8. Suppose that ip in W^(M. n ) and that the mapping induced by ip is 
bounded on B^, q (M. n ) for some < s < 1 and < q < 1. Then ip is bi-Lipschitz. 

Proof. Recall that the Sobolev regularity of ip implies approximate differentiability 
almost everywhere, i.e. that for almost every x G M", x is a density point of 

/ \<p(y) - <p(x) - D<p(x)(y - x)\ 
Z x ,e ■= \ y ■ 1 1 < £ 

I \y-x\ 

for all e > 0; see e.g. Section 6.1.3]. 

We shall first establish the quasiconformality of ip. It is enough establish the estimate 
\D(p(x)\ n < C\J tp {x) \ for all points x where ip is approximately differentiable (here \D<p\ 
stands for the operator norm of the Jacobian matrix of ip). It obviously suffices to 
consider the points x where Dip(x) 7^ 0, and by shift invariance we may assume that 
x = <p(x) = 0. 

Now by the singular value decomposition we may write Dip(0) = UHV, where U 
and V are isometries of M n and E is a diagonal matrix with diagonal entries o\ > o 2 > 
■ ■ ■ > o~ n > Q. Our estimate shall be 

< imp* (8) 



I4(0)| 



where \\<p\\ stands for the operator norm of the mapping induced by (p and the implied 
constant is independent of ip. Note that for ip := U~ 1 (p(V~ 1 -) we have |D^(0)| = 
|Z>0(O)|, 1^(0)1 = |J^(0)| and \\ip\\ = \\ip\\, so it suffices to establish (jHJ) for ip instead 
of ip. In particular, we have ip(x) = T,x + |x|e(x) with |e(x)| < e whenever x G VZq^ £ . 

We will first establish the desired estimate with the additional assumption that 
<7iCT2---er n ^ 0. We fix a Lipschitz function / with X[-5/4,5/4] n < / < XR"\(-7/4,7/4) n 
and write fh = /(/i -1 -) for h > 0. In particular, 

II/IIb s , CR n ) = II Alls 8 . (K") 

n/ s,q x ' n/ s,q K ' 

for all h. By approximate differentiability, we may pick S > so that we have ([7]) for 
Ai := 5o^ 1 and Z := VZ^^-i^. Since E maps 

Qs:- 



' 5 


S ' 


x ■ 


• X 


" 5 


5 ' 


* 




0~ n 


0~ n _ 
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into [-5,5] n and 3Q S \2Q 5 into M n \[-25, 25] n , we have 

55 55 
T'T 



1 R 1 R 

and V ((3Q«\2Q«) n Z) C R n \ ( - — ,— 



In particular, fs°tp satisfies the assumptions of Lemma 12.71 (with the and Z as 
above), so 



Mil/. 



<5|I_B S , (R«) 



n/ s,q y ' 



X ■ ■ ■ O n 



s/n 



( \_pmi 

V 1^(0)1 



s/n 



We shall then show that we must necessarily have <J\<J%- • • <J n ^ 0, so that the 
additional assumption made above in fact holds in all possible cases. Assuming the 
contrary, we have Oi = when i > i$ and Oi > when i < io for some index i$ < n. 
For an arbitrary e G (0, Oi ), take 5 > so that (JTj) holds with A* := 5o^ 1 for i < i , 
Ai := 5e _1 for i > i and Z := V Z fx 2 Jn)- 1 e- Now £ maps 



" 5 


5 " 


x ■ 


• X 


" 5 


5 " 


X 


" 5 


5" 


* 

°"i 








£ 


e 



Qe 



into [-5,5]" and 3Q E , S n ([25/(7i, (5/2)5/<7i] x ]R n_1 
Thus, 



V (Q e>s nz)c 



55 55 
T'T 



: Q' £>5 into [25,(5/2)5] x R n ~\ 
and ^(Q^nZ) C (-4' 00 ) 



D 11—1 



so fg o -0 satisfies the conditions of the remark after Lemma I2.7f s proof (with the A± 
and Z as above), and as before we get 



> 



o x ■ ■ ■ o io e n -*° 



s/n 



Since n— i > 0, taking e — > + yields a contradiction with the boundedness assumption. 
All in all, ip is quasiconformal, and so the mapping induced by ip is bounded on 
) for all t G (0,1). In particular, interpolating between such a space and 

(see [HI Theorems 9.1 and 8.1]), we obtain boundedness on B n \ s , g /(R n ) for 



B n/t,n/t( W ' 

B s i (R n ) 

n/s,q\ 



some s' G (0, 1) and q' G (1, n/s'). Theorem 11.11 thus implies the bi-Lipschitz regularity 
of (p. ' □ 

Remark. The proof above makes use of complex interpolation of function spaces which 
are not Banach spaces. We refer to [IT] for a treatment of the interpolation of the spaces 
in question. 

Another approach to the case q < 1 is in the spirit of Astala [lj: namely, instead of 
Sobolev regularity, we assume that the mapping induced by (p is uniformly bounded 
from / (fl) into B^, 9 (<£> _1 (f2)) for all bounded domains Q C W 1 . By a Besov space 
on a domain Q we mean the space ( quasi- )normed by Hajlasz s-gradients (conditions 
© and P) with Q in place of M n ). 



Theorem 2.9. Suppose that < q < 1 and ip is as above. Then ip is bi-Lipschitz. 
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Proof. As usual, let p — n/s. To show the quasiconformality of <p, it suffices to show- 
that 

M . MJ ?' ^ > ° < 9 > 

(a.iam(p{B)) 

for all open balls B C IR n ; see [H page 64]. To this end, let U\ and co 2 be boundary 
points of Q := ip(B) with distance diamf2. Letting u(z) := \z — Wi|/diamf2 for z£fl, 
an easy computation shows that w G 5* (Q) with 



s/n 

MIa* (n) ^ ^ 



101 



(diamf2) r 

(take gk = 2~ k ^ s ^xn/diam(il) for > kn — 1 and gi~ = otherwise, where 2 _fcn < 
diam(O) < 2" fcn+1 ). 

Now a;, := <y2 -1 (u;j), z = 1, 2, are boundary points of B to which k o ip extends 
continuously as and 1 respectively. Let {gk)kez be an s-gradient of u o ip with 
Efc IbfellL(s) ~ \\ u ° ¥>IIJ. (B) and take ^ e Z so that 2~ 2e+2 < \x x - x 2 \ < 2" 2m . 
Writing Af := 2"^-*, 2" 2 ' J ') n 5 for j > we have | « 2-^", so the esti- 
mates in the proof of Lemma 12.31 yield 

\{uo(p) A . t -(uo(p) A * i+i \< Y \\gk\\ L p(B), 

2-2j-2< 2 -fc<2-2j + i 

and summing over j > i yields 

\(uO(p)( Xi )-(uO(p) A *i\< Y \\gk\\LP(B)< Yl \\9k\\LP(B)- 

2- k <2~ 2e + 1 2~ k <\x 1 -x 2 \ 

Also, 

|(MO^) A «i - {uOif) A ^\ < Y \\gk\\LP(B) < Y \\9k\\LP(B)- 

2-2f+i< 2 -fc<2-2£+3 2~ k <2\x 1 -x 2 \ 

Altogether we thus have 

V<7 



\{U0 <p)( Xl ) - (uo<p)(x 2 )\ < Yl \\gk\\LP(B) < \ Y 

2~ k <2\ Xl -x 2 \ 

Noting that the left hand side above is 1, we thus have 



s/n 



\B lg (B) ~ \\"\\B kqi n) ~ ^ (diam ^)r 

showing the quasiconformality of (p. One can conclude by interpolating as in the proof 
of Theorem 12.81 □ 

3. Besov spaces on metric spaces 

The purpose of this section is to explain how the main results of the previous section 
extend to the setting of metric spaces with sufficiently reasonable geometry. The main 
reference for the required facts about such spaces and quasiconformal mappings on 
them is [9], particularly chapters 4 and 7. For the equivalence of the different Besov 
type norms, we again refer to [7] and [15]. 
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The main results in the previous chapter have natural counterparts in the context of 
metric spaces, and thanks to our methods, the proofs are the same. Note that in a con- 
nected Q-Ahlfors regulaid metric measure space (X,d,u), we have fi(A d (x, A/2, A)) ~ 
A Q for x & X and < A < diamX, since B d {y,\/A) C A d (x, A/2, A) for any 
y G dBa(x, 3A/4). In the lemmas I3TTT - I3.4I below. X := (X,d,/i) will be a pathwise 
connected Q-Ahlfors regular metric measure space, Q > 1. All measures appearing in 
this chapter are assumed to be Borel regular. 

Lemma 3.1. Let 0<s<l, l<g<oo and < R < oo. Suppose that {Bj)^L is 

a sequence of balls in X such that Bj has radius 2~iR for all j > 0, and that (/ 3 -)?!Lo 

is a sequence of measurable functions on X with supp/j C Bj for all j > 0. Write 

^ := Sj>o fi- 
ll) If the functions fj are Lipschitz with 

Lip fj <2 j R-%, bj>0, 

for all j > 0, we have 

H^lls* ( x) < llw)i>o||^- 

Q/s,<3 v ' 

(ii) If the balls 9Bj are pairwise disjoint, we have 

\\ F \\b° q/s JX) ~ ||( 2 ^^ S H/illL«/ s (x))j>o||^ • 

The implied constants in both conclusions are independent of R. 

Lemma 3.2. Let 0<s<l, l<g<oo and < R < oo. Suppose that (Bj)^ =0 is a 
collection of balls in X such that each ball has radius R and the balls 9Bj are pairwise 
disjoint. Suppose also that (fj)f =0 is a sequence of functions on X with supp fj C Bj 
for all j>0. Write F := J2j> fj- 

(i) If the functions fj are Lipschitz with 

Lip fj < R~ l bj, bj > 0, 

for all j > 0, we have 

W F \\b°, (X) ~ \\( b j)j>o\\eQ/°- 

(ii) We have (with the functions fj not necessarily Lipschitz) 

\\ F \\bs q/3 JX) ~ ||(- R ~ S H/illL < 3/ s w)i> ll£<3/= • 
The implied constants in both conclusions are independent of R. 

Lemma 3.3. Suppose that < s < 1, 1 < g < oo and that Br is a ball of radius 
R < diam X inX.If0<\<l,E and F are two such compact and connected subsets 
of B R that 

min(diami?, diamF) > XR 
and u is a continuous function on X with u\e < and u\p > 1, we have 

F B' , (X) ^ CA ) 

where c > depends only on q, s and the data on X . 



^Recall that Q-Ahlfors regularity means that [i{Bd{x, r)) « for x £ X and < r < diam (X). 
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Lemma 3.4. Let xo&X,0<r<R< diamX and 1 < q < oo. Then there exists a 
continuous function u : X — > M with u\x\b(x ,r) = 0> u \B<x ,r) = 1 an< ^ 

\\u\\b. (x) <#(R/r). 

Here \I> is a decreasing homeomorphism from (1, oo) onto (0, oo), independent of x, r 
and R. 

Before coming to the main result of this section, we will formulate more precisely 
the assumptions on the metric spaces under consideration, and note some of their 
consequences. We refer to [9] for the necessary definitions (such as those of linear local 
connectivity and the Loewner condition). 

In the three results below, X := (X,d,fi) is assumed to be a complete, pathwise 
connected, Q-Ahlfors regular (Q > 1) and locally compact Loewner space. X is also 
assumed to support a (1, Q)-Poincare inequality. Y := (Y,d',u) is assumed to be a 
pathwise connected, Q-Ahlfors regular, locally compact and linearly locally connected 
(LLC) metric measure space. Because of local compactness, \i and v are comparable 
to the Q-Hausdorff measures on X and Y respectively (see [9j Remark 3.4] and the 
references therein), so we may in fact assume that \x and v are said Hausdorff mea- 
sures. We assume that either the spaces X and Y are both bounded or they are both 
unbounded. 

Recall that the Loewner condition on X implies quasiconvexity and linear local 
connectivity (see p], Theorem 3.13]). Also, the completeness assumption together with 
the Loewner condition implies that X supports a (l,p)-Poincare inequality for some 
p < Q; see [9l Theorem 5.12] and [12]. In fact, the completeness assumption may be 
dropped by assuming the existence of such a Poincare inequality instead. 

The following proposition generalizes the case q = Q/s obtained for compact spaces 

i" ®- 

Proposition 3.5. Suppose that if : X — > Y is such a homeomorphism that the map- 
ping induced by <p is bounded from B S Qj sq (Y) to Bq^ si} (X) for some < s < 1 and 
1 < q < oo. Then if is quasicon formal. 



Proof. What we want to show is that 

d'(tp(x),<p(y)) 



< H < oo 



d'(<p(x),ip(z)) 

whenever < d(x,y) < d(x,z) and d(x, z) is sufficiently small (depending on x). 
Denoting by Cl the LLC constant of Y, it will be enough to consider the case 

d'(<p(x),<p(y)) 2 
d>&(x),p(z)) L ' 

Writing R := d'((p(x),<p(y)) and r := d'(<p(x), <f(z)), Lemma [33] implies the existence 
of a continuous function u G B s Q/s q {Y) with u^^^r) = h u\Y\B d ,{ 9 { x ),R/c L ) = 
and \\u\\g a (Y ) < ^y{{R/Cl)/{Cl,t))- Now, choosing such a y' 6 X that d(x,y') > 
2d(x, z) and d'(ip(x), (p(y')) > R, the local linear connectivity of Y yields compact and 
connected sets 71 C Bd>(<p(x), Clt) and 72 C Y\Bd>(<p(x), R/Cl) joining ip(x) with 
tp(z) and <f(y) with (p(y') respectively. Letting E and F be the components containing 
x and y of 7 ] ~ 1 (£') fl Bd{x, d(x, z)) and 7 2 ~ 1 (/) H Bd(x, 2d(x, z)) respectively, we get as 



IS 



KOCH, KOSKELA, SAKSMAN, AND SOTO 



in the proof of Proposition 1231 that m Y {{R / C L ) / (C L r)) > c, i.e. R/r < C£*y-(c) for 
some c > depending only on ip and the data on the metric spaces. □ 

For the case where q ^ Q/s we will need the absolute continuity properties of 
quasisymmetric mappings, see [9J Chapter 7]. It is here that the assumption of fi 
and v being the Hausdorff measures of X and Y respectively is used. The fact that 
quasiconformality implies quasisymmetry follows from our assumptions on the metric 
spaces as well as the assumption that ip maps bounded sets onto bounded sets, see [9, 
Corollary 4.10]. 

Theorem 3.6. Suppose that ip : X — > Y is such a homeomorphism that the mapping 
induced by ip is bounded from Bq, (Y) to B Q ^ s (X) for some < s < 1 and 1 < q < 
°°> Q Q/ s - Suppose also that ip maps bounded sets onto bounded sets. Then ip is 
bi-Lipschitz. 

Proof. As pointed out above, ip is now quasisymmetric. The volume derivative fi^ of ip 
is defined by 

fi{<p (B(x,r))) 

(jl v (x) = hm — — 

r->oc fj,{B(x,r)) 

for almost every x. We then have the usual change of variables formula with in the 
role of "| .7^1"; see [91 Theorem 7.11]. The proof of Theorem 11.11 (and Lemma [2.6p can 
thus be carried out by choosing 

A k := {2- Q ( fe+1 ) < fjL v < 2- Qk } . □ 

Corollary 3.7. Suppose that ip : X — > Y, is a homeomorphism that maps bounded 
sets onto bounded sets. Then 

(i) if < s < 1, the mapping induced by ip is bounded from Bq, q/ s (Y) into 

Bq/s q/s(-^0 *f an d OD ly if ¥ JS quasiconformal; 

(ii) if0<s<l<q<oo and q ^ Q/s, the mapping induced by ip is bounded from 
Bqi s q (Y) into Bq, q (X) if and only if ip is bi-Lipschitz. 

Proof. The sufficiency for part (i) follows from (15, Theorem 5.1]. The rest is contained 
in the two previous results. □ 

4. Triebel-Lizorkin spaces 

In this section, we briefly discuss the analogous mapping question for the scaling 
invariant Triebel-Lizorkin spaces^ 9 (M n ), < s < 1, 0<g< oo. The dimension 
n will always be at least 2. We recall that it is shown in [15] that quasiconformality 
is a sufficient condition for the mapping induced by a homeomorphism ip of 1R™ to be 
bounded on F^ sq {R n ) when < s < 1 and n/(n + s) < q < oo. Here we provide the 
converse to this using our results from section [2j 

Proposition 4.1. Suppose that the mapping induced by ip is bounded on F^ sq (M. n ) 
for some < s < 1 and < q < oo. Then ip is quasiconformal. 



4 We refer to e.g. [T?} Section 5.1.3] or [T31 Definition 3.1] for the (Fourier-analytic) definition of 
Fp (M. n ), < p < oo, < q < oo, s E K, and [HI Theorem 1.2] for a pointwise characterization of 
the spaces with 0<s< 1, n/(n + s) < p < oo and n/(n + s) < q < oo. 
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Proof. We may argue as in the proof of Proposition 12.51 as long as we can verify capacity 
estimates analogous to Lemmas 12.31 (with, say, some fixed A) and 12.41 By [10, Theorem 
2.1 (ii)], we have 

B so , , (W l ) = F s °, , (R n ) C F",m n ) c F s ) , (R n ) = B s \ , (M n ), 

where 0<si<s<so<l and the embeddings are continuous, so we get the desired 
capacity estimates by combining these embeddings with Lemmas 12.31 and 12.41 □ 

Combining this with [T5| Theorem 1.1] we thus have following result. 

Corollary 4.2. Suppose that < s < 1 and n/(n + s) < q < oo. Then the mapping 
induced by a homeomorphism if of W 1 is bounded on F^ sq (R n ) if and only if if is 
quasicon formal. 

Next, we consider Triebel-Lizorking-type function spaces on metric measure spaces X 
and Y as in the discussion preceding Proposition [375J For s G (0, 1) and 1 < q < oo, we 
denote by Fg^ sq (X) the space Mq, S(1 (X) defined in [151 Definition 1.2], and similarly 
for Y instead of X. Then it follows from [151 Corollary 5.1] that the quasisymmetry of 
ip is a sufficient condition for the mapping induced by a homeomorphism ip : X — > Y to 
be bounded from Fqj s q {Y) to Fqj s q (X) ([151 Corollary 5.1] actually holds for a larger 
parameter range). We have the following partial converse. 

Proposition 4.3. Suppose that the mapping induced by a homeomorphism if : X — > Y 
is bounded from Fqj s q {Y) to Fq^ s q (X) for some < s < 1 and 1 < q < oo. Then if is 
quasiconformal. 

Proof. We may argue as in the proof of Proposition 13. 5} the necessary capacity esti- 
mates follow by combining Lemmas 13.31 and 13.41 with the continuous embeddings 

BQ/s,mm(Q/s,q)(X) C Fq/^X) C -BQ/ S)max (Q/s, g ) PO > 

which one may obtain using the Minkowski integral inequality (see also e.g. [171 Propo- 
sition 2.3.2/2]), and similar embeddings with Y in place of X. □ 

We thus have the following result. 

Corollary 4.4. Let ip : X — > Y be a homeomorphism that maps bounded sets onto 
bounded sets. If < s < 1 and 1 < q < oo, the mapping induced by if is bounded 
from Fq^ q (Y) to Fqj s q {X) if and only if if is quasiconformal. 

Proof. By the assumption that ip maps bounded sets onto bounded sets, the quasicon- 
formality of if is equivalent with the quasisymmetry of ip (see the discussion preceding 
Theorem 13. 6p . Thus the statement follows by combining [151 Corollary 5.1] and Propo- 
sition 0~I □ 
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